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Abstract

This paper presents a linear approximation method to determine the probability density function (PDF) of the critical
clearing time (CCT) and probability of stability for a given disturbance in power system transient stability analysis. The
CCT is the maximum time interval by which the fault must be cleared in order to preserve the system stability. The CCT
depends on the system load level and thus, is modeled as a random variable due to the probabilistic nature of system load
demand. The proposed method first determines the sensitivity of the CCT with respect to the system load, and using these
sensitivities it computes the PDF of the CCT based on the PDF of the system load. The probability of system being tran-
siently stable for a particular disturbance and for a given fault clearing time is calculated using the PDF of CCT. This
approach is verified to be accurate under the condition of small load deviation by Monte Carlo simulations method. More-
over, the proposed method reduces the computational effort significantly in Monte Carlo simulations indicating that it
could be used in real-time on-line applications.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Transient stability assessment is a major requirement for safe operation of power systems. The transient
stability is analyzed considering the effect on the system of large disturbances such as faults, loss of loads
or generators, line switching, etc. A power system is transiently stable for a particular steady-state operat-
ing condition and for a particular large disturbance if, following that disturbance; it reaches an acceptable
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steady-state operating condition [1]. The time domain simulations and direct methods are the two methods
commonly used in transient stability studies. The time domain simulation method solves the differential-alge-
braic equations that describe the power system dynamics under different faulted conditions in order to find out
if the system will preserve its stability. The method suffers in its slow speed and inability to provide an index
that enables to measure the degree of stability of the system quantitatively.

Direct methods, on the other hand, employing energy functions provide a stability index that gives stability
margin of an operating point in terms of energy stored in the system [2–4]. There are several variants of the
direct method such as potential energy boundary surface (PEBS) method [5]; boundary of stability region
based controlling unstable equilibrium point (BCU) method [6] and equal area criterion (EAC) [7–9]. The
main objective of the various direct methods is to determine the critical fault clearing time and the correspond-
ing critical energy value without solving the system differential equations in order to assess the transient sta-
bility of the system. The critical clearing time (CCT) is the maximum time interval by which the fault must be
cleared in order to preserve the system stability. In direct stability assessment methods, the CCT is calculated
and compared with the actual fault clearing time. If the former is greater than the latter the system is deter-
mined to be transiently stable. The difference between these two values can be used as an index to quantify the
degree of system stability. A higher value of this index indicates a more stable system. The difference between
the critical energy value and the energy at the fault clearing time is sometimes employed as an index as well.
Even though the direct methods have drastically improved the program speed, the size of electrical power sys-
tems and the complexity of the transient stability problem still involve prohibitive calculations. With the
advent of more advanced algorithms and faster computers, transient stability study has been implemented
in Energy Management System (EMS) for real-time on-line operation. Like many other application programs
in the EMS system [10], the transient stability program (TSP) is continually executed in a certain interval of
time. Depending on the computing power of the EMS system, this interval can range from tens of minutes to
an hour. The execution flow of this program is illustrated in Fig. 1.

At time tk TSP is started and it gets a snapshot of system data such as load level and equipment parameters
at this instant of time and performs necessary calculations to determine the CCT. After Dt amount of time, the
program terminates and conclusions regarding the system transient stability are obtained. At time tk+1 the
above procedure will be repeated. The system data captured at time tk or tk+1 reflects the steady-state oper-
ating condition of the system and parameters. Among those, the load level is one of the parameters that heav-
ily affects the stability. In other words, the stability of the system or equivalently, the critical clearing time
(CCT) is a function of the system load level. Thus, the conclusions drawn based on the system load at time
tk will not always hold true from tk + Dt to tk+1 due to the fact that the system load keeps changing in actual
operation. Therefore, the CCT should be modeled as a random variable in order to take into account the ran-
dom nature of the system load. Based on the arguments above, a system being transiently stable under a par-
ticular contingency is also a random event. The information on the probability of this random event is crucial
for power system planning studies and safe operation. Under the assumption that the probability density func-
tion (PDF) of the CCT is known, the probability of the system being transiently stable can be calculated by
Pfsystem being stableg ¼ Pftc < tccg; ð1Þ
t

TSP Starts

TSP ends

TSP Starts

TSP ends

tk tk+ Δt tk+1 tk+1 + Δt

Fig. 1. TSP execution flow in the EMS system.



Fig. 2. Graphical illustration of the probability of system being transient stable.
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where tc and tcc are the actual fault clearing time and critical clearing time, respectively. The shaded area in
Fig. 2 graphically shows this probability value. For illustrative purposes, the CCTs are assumed to be nor-
mally distributed in Fig. 2.

The necessity of the probabilistic assessment of the power transient stability has been widely recognized as
pointed out in [11]. There are two main methods in the literature for probabilistic assessment of transient sta-
bility. The first method employs the conditional probability approach to evaluate the probability of stability
analytically [12–20]. The second utilizes Monte Carlo simulation approach to estimate the probability of sta-
bility [21,22]. Billinton and Kurunganty [12] developed a single stability index that takes into account the
probabilistic aspects of fault type, fault location, fault clearing time and system operating conditions, and
applied it to a practical 33-bus power system [13]. Hsu and Chang [14] used the conditional probability
approach to carry out a transient stability analysis on the Taiwan power system deriving joint probability dis-
tribution of the CCT using the system outage statistics. In [15–17] Chiodo and his co-workers developed an
approximate method to determine the probability of stability as a function of the CCT. They proposed an
analytical and invertible log-linear functional relationship between the CCT and the system load. Such
an approximation enables the analytical computation of both the PDF of the CCT in terms of PDF of the
system load and probability of instability. In [18], the bisection algorithm has been employed to reduce the
amount of computation time required in the probabilistic evaluation of transient stability. More recent pub-
lications [19,20] have reported on-line implementation of the probabilistic transient stability analysis that
employs the conditional probability approach.

The core of the analytical approaches mentioned above is the analytical computation of the PDF of the
CCT in terms of the PDF of the load. In principle, once the PDF of the system load is known, the PDF of
the CCT can be obtained by using well known theorems on random variable transformations [23]. The
PDF of the system load can be determined from the historical data of the Supervisory Control and Data
Acquisition (SCADA) system. However, as will be shown later in the paper, the CCT is a complicated func-
tion of the system load as well as other parameters including voltages, reactances, etc. In other words, the
function that relates the CCT to the system load is not analytically invertible. Therefore, the PDF of the
CCT can not be obtained analytically in a closed-form expression. In such cases, either the functional depen-
dency between the CCT and load is approximately described by a simpler, invertible, analytical function or
Monte Carlo simulations method is used to estimate the PDF of the CCT [21,22] without making simplifying
assumptions. The Monte Carlo method is suitable for the analysis of complicated events and does not put any
restriction on the mathematical model used. However, it requires a lot of computational effort to obtain the
PDF of the CCT. The computational effort becomes even more significant when a large number of samples are
used to improve the accuracy of the estimated probability. Hence, it might not be appropriate for on-line tran-
sient stability analysis.

This paper presents a linear approximation method to determine the probability density function (PDF) of
the critical clearing time (CCT) and probability of stability for a given disturbance. The CCT is approximately
described by a linear function of the system load using the sensitivity of the CCT with respect to the load. It
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has been shown that analytical calculation of the sensitivity of the CCT to the rotor angle, which is also a
function of the load, is not straightforward and it brings some computational difficulties. Therefore, a new
formula is derived to overcome the difficulty of calculating this sensitivity, which is a significant contribution
of this work. The system loads are assumed to be normally distributed. Using the proposed linear relationship
between the CCT and load, Monte Carlo simulations are carried out to estimate the PDF of the CCT based on
the load PDF and to validate the accuracy of the proposed linear approximation. The probability of system
being transiently stable for a particular disturbance and for a given fault clearing time is calculated using the
PDF of CCT. The exact and approximated PDF of CCTs and probability of stabilities are compared for two
different cases of a One-Machine-Infinite-Bus (OMIB) power system. The results show that the linear approx-
imation is valid and give adequately accurate results under the condition of small load deviations. More
importantly, the proposed method reduces the computational effort significantly in Monte Carlo simulations
indicating that it could be used in real-time on-line applications.

2. Problem formulation

In transient stability studies using direct methods, the multi-machine power system is reduced to a one-
machine-infinite-bus (OMIB) system [24–26]. A graphical method known as equal area criterion (EAC) is
applied to the OMIB system to compute critical clearing time and to assess the system stability for a given
fault scenario. In this section, the EAC method will be revisited to establish the relationship between the crit-
ical clearing time and system load. With the inherent errors involved in reducing a power system model to an
equivalent OMIB system, modeling fluctuations in load become even more necessary.

2.1. Swing equation

Fig. 3 shows an OMIB system where a generator is connected to an infinite bus through a transformer and
two parallel transmission lines. The infinite bus at a constant voltage V represents the rest of the power system.
The machine (generator) is represented by a reduced order dynamic model characterized by a constant voltage
E behind the transient reactance x0d . The transformer is modeled using a reactance xt. The differential equation
that describes the dynamic behavior of the OMIB system in Fig. 3 can be given as [27]
M
d2d
dt2
¼ P m � P e; ð2Þ
where d is the generator rotor angle or power angle (rad), M is the moment of inertia of the generator, Pm is
the generator mechanical power (pu) that represents the system load at the equilibrium point, Pe = Pmax sind is
the electrical power transferred by the generator to the system represented by the infinite bus (pu). The Pe(d) is
called the power-angle curve and its maximum value is P max ¼ EV

x with x ¼ x0d þ xt þ x‘
2

representing the total
equivalent reactance between the generator and the infinite bus (pu). The nonlinear differential equation given
in (2) is called the swing equation because it describes swings in power angle d during transients.

In this study, the following fault scenario is assumed. At a given time of t, a three-phase to ground fault
occurs on one of the transmission lines while the OMIB system is operating at a pre-fault stable equilibrium
point. The fault location is labeled by (X) in Fig. 3. The fault is not cleared instantaneously by the circuit
breakers and the generator continues transferring power during the fault-on conditions. At t = tc, the fault
G

E∠δ

0V∠
dx′ tx

transformer

parallel transmission lines

x

infinite bus

X
fault

Fig. 3. One-machine-infinite-bus (OMIB) system.
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is cleared and the faulted line is isolated (removed). After the fault is cleared (post-fault condition), the system
transfers power using one good transmission line in place.

For the given fault scenario above and clearing time tc, the stability of the OMIB system can be determined
by either integrating the nonlinear swing equation of (2) numerically or using equal area criterion (EAC). The
EAC is a graphical method to find out the stability of the system under transient conditions without solving
the swing equation. The EAC method utilizes power-angle curves to represent the energy stored in the
machine during the fault in terms of area under the power-angle curve. Fig. 4 shows power-angle curves
for pre-fault, fault-on and post-fault conditions. The maximum value of power transferred for each condition
is denoted by Pmax 1, Pmax 2 and Pmax 3, respectively. In this figure, d0 is the pre-fault stable operating power
angle d3 is the post-fault stable operating power angle and dc is the fault clearing angle. The values of d0

and d3 at the equilibrium point are deduced from the swing equation of (2) since the swing equations holds
true for pre-fault, fault-on, and post-fault conditions:
d0 ¼ sin�1 P m

P max 1

� �
; ð3Þ

d3 ¼ sin�1 P m

P max 3

� �
. ð4Þ
2.2. Equal-area criterion: critical clearing angle and time

The EAC criterion is a graphical method that compares the amount of accelerating energy during the fault-
on stage with the amount of decelerating energy after the fault is cleared. The fault-on stage corresponds to
power angle interval from pre-fault power angle d0 to the fault clearing angle dc. Fig. 4 illustrates that during
the fault-on stage Pm is greater than the electrical power transferred Pe, which causes the rotor accelerate (i.e.,
the angle d increases). The area A in Fig. 4 is the accelerating area representing the kinetic energy stored in the
machine because of acceleration of the rotor angle during fault-on stage. The area B is the decelerating area
representing the maximum amount of energy that could be absorbed by the system after the fault is cleared.
The two areas are defined as follows:
Area A ¼
Z dc

d0

ðP m � P max 2 sin dÞdd; Area B ¼
Z p�d3

dc

ðP max 3 sin d� P mÞdd. ð5Þ
According the EAC, if the area A is less than the area B, then the system is transiently stable. In terms of en-
ergy, this condition implies that the system will be able absorb the excess kinetic energy stored in the rotor
during the fault-on stage. When the clearing angle is increased to a certain level such that area A is equal
Fig. 4. Pre-fault, fault-on, and post-fault power-angle curves.
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to area B the system is at a boundary condition. Under this boundary condition, the clearing angle is called the
critical clearing angle denoted as dcc. In other words, critical clearing angle is defined as the maximum power
angle such that when the fault is cleared before this angle the system is transiently stable. An expression for
critical clearing time is obtained by equating area A to area B:
dcc ¼ cos�1 P mðp� d3 � d0Þ � P max 3 cos d3 � P max 2 cos d0

P max 3 � P max 2

� �
. ð6Þ
The application of EAC gives the critical clearing angle to maintain stability. However, because of the non-
linearity of the swing equation of (2) an analytical solution for critical clearing time is not possible. The critical
clearing time is the time when the power angle reaches the critical clearing angle during the first swing. After
some manipulations of (2), this critical clearing time can be obtained by
tcc ¼
Z dcc

d0

f ðd; d0Þdd; ð7Þ
where
f ðd; d0Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
M ðP mðd� d0Þ þ P max 2ðcos d� cos d0ÞÞ

q . ð8Þ
Equations from (3)–(8) imply that the critical clearing time tcc is a complicated function of system load Pm.
This functional dependency between tcc and Pm is synthetically described by a function F as
tcc ¼ F ðd0ðP mÞ; dccðP mÞ; P mÞ. ð9Þ

Note that the function F is not simple and analytically invertible. Therefore, using the probability theory, it is
not possible to obtain a closed-form expression for the PDF of the tcc analytically in terms of the PDF of the
load Pm. Monte Carlo simulations could be utilized for this purpose. However, it requires a lot of computa-
tional effort to obtain the PDF of tcc based on the PDF of system load, Pm since Eq. (7) must be numerically
integrated for each load value. Hence, it might not be appropriate for on-line transient stability analysis. How-
ever, in the following section, an approximate method is proposed for the purpose of real-time applications.
The method linearizes Eq. (9) around a stable operating point to determine the sensitivity of the critical clear-
ing time tcc to system load Pm, and utilizes this sensitivity information to develop linear relationship between
tcc and Pm.

3. Linear approximation

The critical clearing time tcc is a function of the system load Pm as shown in (9). It is well known that power
systems always experience small deviations in load during the normal operating conditions. Hence, a linear
approximation of the critical clearing time can easily be obtained by determining the sensitivity the critical
clearing time tcc with respect to the system load Pm as follows:
tcc ¼ tcc0 þ
dtcc

dP m

����
P m¼P m0

ðP m � P m0Þ; ð10Þ
where Pm0 is the system load at the stable operating point and tcc0 is the critical clearing time for this operating
point. The key issue in this linear approximation method lies in the calculation of the sensitivity of the critical
clearing time to the system load, dtcc

dP m
. Applying the chain rule of differentiation to (9), this sensitivity can be

expressed as
dtcc

dP m

¼ oF
od0

dd0

dP m

þ oF
odcc

ddcc

dP m

þ oF
oP m

. ð11Þ
As shown in (11), there are five derivative terms that compose this sensitivity. Four of these terms can be easily
obtained as:
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dd0

dP m

¼ 1

P max 1 cos d0

; ð12Þ

ddcc

dP m

¼ � 1

ðP max 3 � P max 2Þ sin dcc

ðp� d3 � d0Þ þ
P max 2

P max 1

tan d0

�

þ tan d3 � P m

1

P max 1 cos d0

þ 1

P max 3 cos d3

� ��
; ð13Þ

oF
oP m

¼ 1

M

Z dcc

d0

ðd0 � dÞf 3ðd; d0Þdd; ð14Þ

oF
odcc

¼ f ðdcc; d0Þ. ð15Þ
Leibnitz�s rule of differentiation of integral given below could be used to obtain the last derivative term oF/od0:
o

oa

Z q

p
Gðx; aÞ

� �
¼
Z q

p

oGðx; aÞ
oa

dxþ Gðq; aÞ dq
da
� Gðp; aÞ dp

da
. ð16Þ
Applying (16) to (7) the following expression is obtained:
o

od0

Z dcc

d0

f ðd; d0Þdd

� �
¼
Z dcc

d0

of ðd; d0Þ
od0

ddþ f ðdcc; d0Þ
ddcc

dd0

� f ðd0; d0Þ. ð17Þ
However, it must be noted that (17) is not valid and could not be evaluated at d = d0 because (8) indicates that
limd!d0

f ðd; d0Þ ! 1. Therefore, a new formula must be developed to compute oF/od0. The following section
gives this new formula and its derivation.

4. A new formula to compute ¶F/¶d0

Proposition. The derivative of a given function
GðxÞ ¼
Z a

x
f ðt; xÞdt ð18Þ
with respect to x can be determined by
dGðxÞ
dx

¼ �f ða; xÞ þ
Z a

x

of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
dz ð19Þ
given that f(a, x) and
R a

x
of ðz;xÞ

oz þ
of ðz;xÞ

ox

h i
dz exist.

Proof. Replacing x in (18) by x + Dx we get
Gðxþ DxÞ ¼
Z a

xþDx
f ðt; xþ DxÞdt. ð20Þ
If we take t = z + Dx, then (20) becomes
Gðxþ DxÞ ¼
Z a�Dx

x
f ðzþ Dx; xþ DxÞdz. ð21Þ
By the Taylor series expansion of f(z, x) around (z, x) we have
f ðzþ Dx; xþ DxÞ ¼ f ðz; xÞ þ of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
Dxþ hðz; xÞOðDx2Þ. ð22Þ
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Substituting (22) into (21) and doing some manipulations, we obtain
Gðxþ DxÞ ¼
Z a

x
f ðz; xÞdz�

Z a

a�Dx
f ðz; xÞdzþ

Z a�Dx

x

of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
Dxþ hðz; xÞOðDx2Þ

� 	
dz: ð23Þ
Using (18) and (23), we get
Gðxþ DxÞ � GðxÞ
Dx

¼ � 1

Dx

Z a

a�Dx
f ðz; xÞdzþ 1

Dx

Z a�Dx

x

of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
dz

þOðDx2Þ
Dx

Z a�Dx

x
hðz; xÞdz. ð24Þ
By the definition of derivative, we know that
dGðxÞ
dx

¼ lim
Dx!0

Gðxþ DxÞ � GðxÞ
Dx

. ð25Þ
Since
R a

x
of ðz;xÞ

oz þ
of ðz;xÞ

ox

h i
dz and f(a, x) exist, we have
lim
Dx!0

1

Dx

Z a

a�Dx
f ðz; xÞdz ¼ f ða; xÞ; ð26Þ

lim
Dx!0

Z a�Dx

x

of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
dz

� �
¼
Z a

x

of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
dz; ð27Þ

lim
Dx!0

OðDx2Þ
Dx

Z a�Dx

x
hðz; xÞdz ¼ 0. ð28Þ
Using (25) and substituting (26)–(28) into (24) we get
dGðxÞ
dx

¼ �f ða; xÞ þ
Z a

x

of ðz; xÞ
oz

þ of ðz; xÞ
ox

� �
dz. � ð29Þ
Application of the new formula (29) to (7) and (8) yields oF/od0 as follows:
oF
od0

¼ �f ðdcc; d0Þ þ
P max 2

M

Z dcc

d0

ðsin d� sin d0Þf 3ðd; d0Þdd. ð30Þ
Substituting (12)–(15) and (30) into (11), we obtain the sensitivity of tcc with respect to system load Pm as
follows:
dtcc

dP m

¼�f ðdcc;d0Þ
1

P max1 cosd0

þ 1

ðP max3�P max2Þsindcc

P max2

P max1

tand0þðp�d3�d0Þþ tand3

��

�P m

1

P max1 cosd0

þ 1

P max3 cosd3

� ���
þ 1

M

Z dcc

d0

P max2ðsind� sind0Þ
P max1 cosd0

�ðd�d0Þ
� �

f 3ðd;d0Þdd. ð31Þ
The sensitivity of critical clearing tcc with respect to system load Pm could be utilized to determine tcc

approximately using Eq. (10) for small deviations in the system load while the system is operating a stable
point Pm0. Such an approximation will evidently reduce the computation time when Monte Carlo simulation
method is employed to obtain the PDF of tcc. The procedure for applying Monte Carlo method to transient
stability study is mainly composed of three parts. The first part simulates the occurrence of the uncertainties in
system load. A random number generator is used to generate pseudo random numbers representing uncertain
system load values. The second part is to calculate the critical clearing time tcc based on every load value that is
generated in the first part. In order to compute exact values of tcc, Eq. (7) must be numerically solved for every
load value, which is computationally expensive. However, Eq. (10) enables us to approximately calculate tcc

reducing computation time significantly. Based on the results from the second part, the third part calculates
the histogram of exact or approximated tcc. This histogram is then used to determine the probability of system
being transiently stable using Eq. (1). The flow chart of the Monte Carlo simulation procedure is given in
Fig. 5.
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Fig. 5. Flow chart of Monte Carlo simulation.
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5. Examples

The one-machine-infinite-bus (OMIB) system whose one-line diagram is given in Fig. 3 will be employed to
verify the validity of the proposed linear approximation method in this section. The data of the OMIB system
for pre-fault, fault-on and post-fault conditions is listed in Table 1.

Monte Carlo simulation has been performed with N = 104 independent random samples to estimate the
PDF of both exact and approximated tcc. In Monte Carlo simulations, Eq. (7) has been numerically integrated
to compute exact values of tcc while Eq. (10) together with Eq. (31) has been employed to determine the
approximated values of tcc. System load Pm is modeled as a Gaussian distribution random variable. Two dif-
ferent cases are chosen regarding to the mean value and standard deviation of this random variable. In both
cases, deterministic values of the fault clearing time are used to determine the probability of the system being
transiently stable.



Table 1
System parameters

Pre-fault Fault-on Post-fault

M 0.01 0.01 0.01
E (pu) 1.11 0.1 1.11
V (pu) 1.0 1.0 1.0
X (pu) 0.5 0.5 1.0
Pmax (pu) 2.22 0.20 1.11
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Fig. 6. Monte Carlo histogram of exact tcc for Case 1.

0.2 0.21 0.22 0.23 0.24 0.25 0.26 0.27 0.28 0.29 0.3
0

100

200

300

400

500

600

700

Critical clearing time, tcc  (sec)

F
re

qu
en

cy

mean = 0.250303
std = 0.011629

Fig. 7. Monte Carlo histogram of linearly approximated tcc for Case 1.
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Fig. 8. Probability of system being transiently stable versus fault clearing time for Case 1.
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5.1. Case 1

In this case, the mean value of Pm is assumed to be 0.5 pu while its standard deviation is 4% of its mean
value. The Monte Carlo histograms of both the exact and linearly approximated tcc�s are shown in Figs. 6
and 7, respectively. The probabilities of system being transiently stable at different levels of fault clearing time
are calculated by applying Eq. (1) and the results are shown in Fig. 8.
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Fig. 9. Monte Carlo histogram of exact tcc for Case 2.
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Fig. 10. Monte Carlo histogram of linearly approximated tcc for Case 2.
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Fig. 11. Probability of system being transiently stable versus fault clearing time for Case 2.
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5.2. Case 2

In this case, the mean value of Pm is assumed to be 0.5 pu while its standard deviation is 10% of its mean
value. The calculations carried out in Case 1 are repeated in this case. The results are illustrated in Figs. 9–11.



Table 2
Mean and standard deviations of critical clearing time

Model Case 1 Case 2

Mean Standard deviation Mean Standard deviation

Exact 0.25063 0.01169 0.25244 0.03014
Linearly approximated 0.25030 0.01163 0.25030 0.02907

Table 3
Simulation times for N = 104 Monte Carlo samples

Model Simulation times (s)

Case 1 Case 2

Exact 462.65 430.27
Linearly approximated 9.35 8.42
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6. Discussions

Some observations from the results given in the previous section are listed and discussed in this section.
Firstly, in case of small load deviations that corresponds to Case 1, by comparing the histogram of exact
tcc presented in Fig. 6 with that of approximated tcc in Fig. 7 one can see that the proposed method correctly
predicts the critical clearing time. This is even becomes more evident if one compares the mean and the stan-
dard deviation of critical clearing time for exact and linearly approximated methods. As Fig. 8 clearly illus-
trates, the probabilities of system being transiently stable (probability index) obtained by both the linear
approximation method and the exact method are in close agreement, which verifies the accuracy of the pro-
posed method for small load deviations.

Secondly, in case of large load deviations that corresponds to Case 2, the error gets relatively large. From
Figs. 9 and 10 it is clear that the histograms of the exact tcc and linearly approximated tcc are not close any
more. However, the mean and the standard deviation of tcc�s determined by exact and approximated methods
are significantly close. The comparison information on mean and standard deviations for both cases is sum-
marized in Table 2. From Fig. 11, it is seen that the probabilities of system being transiently stable obtained by
the linear approximation method departs from the exact ones especially when fault clearing time gets bigger.
This is because of the fact that the linear approximation deteriorates when load deviation gets larger.

Thirdly, from Figs. 8 and 11 one can observe that in both cases the probabilities calculated by linear
approximation method are always lower than the exact ones. In other words, the linear approximation
method gives conservative results in these two cases. This is because of the fact that the approximated tcc is
always smaller than the accurate tcc in both cases. The reason of this phenomenon is that the curve of tcc versus
Pm around an operating point is concave up.

Finally, computational times for exact and linear approximation models are summarized in Table 3 for
both cases. As can be seen from this table, computational time decreases significantly when we implement
the proposed method. It is clear from Table 3 that computational times of linearly approximated model is
around 50 times less than those of the exact model for both cases, which is a very significant advantage of
the proposed approximation for real-time on-line applications.

7. Conclusions

In this paper, the necessity of modeling the critical clearing time as a random variable in power system tran-
sient stability analysis is addressed. For the purpose of real-time on-line applications, a linear approximation
method is proposed to reduce the complexity and computational time for obtaining the PDF of the critical
clearing time. It is pointed out that the key issue in this method is the calculation of the sensitivity of the crit-
ical clearing time to the system load. A new formula is derived to overcome the difficulty of calculating this
sensitivity. Monte Carlo simulations method is performed to estimate the PDF of the critical clearing time and
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to validate the proposed method. Results from two cases for the OMIB power system show that the proposed
method has significantly reduced the computational effort while the error remains relatively small. For the
sake of illustration, in the paper reference has been made to a relatively simple power system. The extension
of the proposed method to a multi-machine power system is presently under the study by the authors.
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